
NONSTEADY STREAMLINING OF A CYLINDER BY AN INCOMPRESSIBLE CONDUCTIVE FLUID 

V. I. Toka t ly  

Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i Tekhn ichesko i  F i z i k i ,  VoI. 9, No. 1, pp. 131 -333 ,  1968 

Let  u s  c o n s i d e r  the fo l lowing p r o b l e m .  An in f in i t e  c i r c u l a r  c y l i n d e r  composed  of a d i e l e c t r i c  is  p laced  in an 
i n c o m p r e s s i b l e  i n v i s c i d  f luid  flow. At ins  the flow is homogeneous  and the ve loc i ty  is  p e r p e n d i c u l a r  to the  
c y l i n d e r  ax is .  A c u r r e n t - c a r r y i n g  conduc to r ,  c r e a t i n g  a m a g n e t i c  f ie ld ,  is  a r r a n g e d  on the  ax is  of the c y l i n d e r .  At 
t -- 0 the conduc t iv i ty  ~ -- cons t  i s  " swi tched  on, " i. e . ,  the f luid f lowing ove r  the c y l i n d e r  b e c o m e s  conduct ive .  It i s  

a s s u m e d  that  the  m a g n e t i c  Reyno lds  n u m b e r  NRe m = V 0 r 0 / v  m << 1 and that  the induced m a g n e t i c  f ie ld  c an  be 
neg lec ted ;  the e l e c t r i c  f ie ld  E = 0 and the c u r r e n t  is  found f r o m  the  r e l a t i o n  j = crv•  H / c .  

Since in  th i s  c a s e  the  ve loc i t y  and m a g n e t i c  f ie ld  v e c t o r s  l i e  in  the s a m e  p lane ,  the  equa t ion  of mo t ion  [1] 
r e d u c e s ,  a f te r  a p p l i c a t i o n  of the  c u r l ,  to the form:  

0 
(rot u) ~-(u-V) rot u := ~ (h.V)u • h ,  (1) 

ro 
R :-: rot, H : H0h, ~ .... V0u, t : =  T0v, To - V0 ' 

roI, oHg c u 

He re ,  H 0 is  the  m a g n e t i c  f ie ld  at the edge of the  c y l i n d e r ,  V 0 is  the ve loc i ty  of the homogeneous  flow at in f in i ty ,  
r 0 is  the c y l i n d e r  r a d i u s ,  P0 the  f luid d e n s i t y ,  v is  the ve loc i ty ,  H i s  the m a g n e t i c  f ie ld  s t r e ng t h ,  and c is  the speed 
of l ight .  We f ind the  so lu t i on  of (1) in  the fo rm:  

u == Uo + 'vux + "c'~u2 + . . . .  (2) 

Subs t i tu t ing  (2) into (1), we ob ta in  the  fo l lowing s y s t e m  for  d e t e r m i n i n g  Un: 

rotuo=O, rotu~-- ~ (h .V)uo•  

r o t u  ::: n (h'V)ur' x 

n- -2  
1 

• h - -  n ~ (u/d~J)r~ Un-(/~+l) " 

(3) 

Using  the con t inu i ty  equa t ion  

div u = 0 (4) 

we can  f ind Un in  t e r m s  of the  s t r e a m  func t i on  iI~n, 

u = 0%/r~0, %o := -- 0,~/0r . 

The b o u n d a r y  cond i t i ons  a re :  

~ n / r = l ~ O '  ~n-~  0 a s  r-*. or (n ~ t), ~)o= (r - r ' l )  sin0 . 

AS T "-~0, f r o m  (3) we e a s i l y  f ind 

= (r--r  -1) sin 0 + 1/2 ~T [~/~ (r-~--r-a)--  r -~ In r] sin0 + xe (!/2(~/4)* [: /~.r  - ~ -  

- -  ~/~ r - ~ - ~ / ~ 2  r - 5 -  r - 3  In  r ]  s i n  0 + ~ [I~/.~G r -2-~/~ r - 4  + 7/82 r - 8 -  

- -  x/4 r --~ lnr] sin 20) + 0 (T 3) . 

As r ~ 1, s e t t i ng  r =1 + p(p  <<1), we have 
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--- p [(2 -- 1/; ~-[ -~- 1/9 6 (~T)2) sin 0 -- ~/~ ~ sin 20] , 

Ur = p l(2 --  1/~ ~ + V~o (~)~) cos 0 --  b'~ ~ cos 201 . 

F r o m  the i a s t  e x p r e s s i o n  it fo l lows that  the  s t r e a m l i n e s  "move  away" f r o m  the  c y l i n d e r  and the f luid is  

d e c e l e r a t e d , ,  the ehange  in ve loc i t y  be ing  g r e a t e r  n e a r  the r e a r  t h a n  n e a r  the f o r w a r d  s t a g n a t i o n  poin t .  

We wiI1 now c o n s i d e r  the flow as fi ~ 0. In th i s  c a s e  the ve loc i ty  f ie ld  is only s l igh t iy  d i s t u r b e d ,  and we can  

r e w r i t e  (1), 

0 
~ r o t u  -!- ( u o . V )  r o t  u = ~3 ( h . V )  uo x h , ( 5 )  

whi le  (3) goes  ove r  into the  s y s t e m  

h~2o =: 0, h~l  = - -  ~ (h. V )  ~" %, . . . .  
l 

~q~ = -- "s (uo'V)A~_z (n >/2). (6) 

The  so lu t i on  of (6) can  be r e p r e s e n t e d  in  the  form:  

q 

% = ( r - - ; '  ! ) s i n (}  ~ n = ~  ~. jZ~, . : , , .dn(n--2k)  O ( n > ~ l ) ,  

L~o [ In_:] 

Cnl~ = - -  Z bn~'rn ( i  .-- 6okSnm), bnkm - (2m - -  3n)" - -  (n - -  2k) ~- k @ 0 bn~ = - -  - -  

t { t - - 6 q k ( - - l )  n 
anl,:m= "~ (n @ k - - m ) [ ( t - - 6 o ; , : ) ( t - - 5 O m )  I p6qk an- - l , k - - t ,m- -1 - -  

t + 6q~ (-- 1) ~ [ t + 5q~ (-- 1) ~ X 
- -  ( t  - - S n m  ) ! ~-6qk an--l, ~, m] ~ - ( 2 n - - k - - r n )  ( l - - 5 0 m )  t -~-~qk 

X a n _ l . , k , m _ l - - ( 4 . - - 5 o k ) ( ~ , - - 6 n m )  i - S q k ( - t ) n  ]} 
' I -~- ~q i,: an--l, ~'--1, m 

q = q n = q n _ t @ l / ~ . [ t - - ( - - l ) n ] ,  q t - 0 ,  a l o o = - - l ,  aiol - - ' 1 .  

anon 
2n 

(7) 

H e r e ,  5 m m  i s  t h e  K r o n e c k e r  d e l t a .  F r o m  a n  e s t i m a t e  o f  t h e  d i s c a r d e d  t e r m s  i t  f o l l o w s  t h a t  t h e  o b t a i n e d  
s o l u t i o n  (7) i s  a p p l i c a b l e  w h e n  r << l/ft.  

S i m p l e r  e x p r e s s i o n s  a r e  o b t a i n e d  in  t h e  o t h e r  l i m i t i n g  c a s e  in  w h i c h  fl --~ ~ .  I n t r o d u c i n g  t h e  n e w  v a r i a b l e .  T 1 = 
fi % w e  r e d u c e  (1) to  t h e  f o r m  

0 rot u 
~ - b ( u . V ) r o t  u - - ~ ( h . V ) u  x h . ( 8 )  

As fl --*~o, we neg lec t  the second  t e r m  in  (8) and ob ta in  the fo l lowing equa t ion  for  the s t r e a m  func t ion  ~:  

0 (AM) / 0T1 = - - ( h ' ~ )  e q~ , (9) 

The so iu t ion  of (9) can  be r e p r e s e n t e d  in  the fo rm:  

~ = s i n 0 ~  R n = R s i n O ,  Ro == r - -  r-1 
r~=o 

lrln =r~'~ff~l (Anorg" lnr- -  Bno) @ ~ r"& (Anh__ Bn~, ) 

T~ T~ ~ on - -  t_ 

A 
T~ 

A1o = -  ' - ~  , 

"gl n - - I  

All  == O, Ank = 4n (n @ t - -  k) (n - -  k) An-- l ,  If (2 ~ k ~ n - -  t ) ,  Ann  = - -  ~ Ant: , 
i ,=l  

"~1 rt--1 
Bnl~= 4 n ( n @ t _ _ k ) ( n _ _ k ) B n _ l , k  ( 0 - ~ k - . . ~ n - - t ) ,  Bnn .=- -~ . jBn~. ,  B o o = t  . 

L~o 

(z0) 

(]_1) 
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Fig. 4 
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Values of R were calculated on a computer for several ~-I. The graph of R and the streamlines are presented 

in Fig. 1 for ~'l = 2. It is clear that at T I = 2 the veloeity field was still only slightly deformed. Figure 2 corresponds 

to T I = 8. The streamlines have moved further away from the cylinder, and R curve is flatter, which corresponds 

to a decrease in velocity near the cylinder. At ~'I = 16 a region develops near the cylinder in which the fluid circulates 

(Fig. 3). As T I increases the region of trapped fluid increases (Fig. 4, ~'i = 32). 

It should be noted that if a stationary solution exists, when fi <<i the velocity field in the stationary regime 
must differ significantly from that shown in Fig. 4, since, in the stationary regime, flow with closed streamlines is 
impossible. To demonstrate this,we write the equation of motion in the form [i]: 

po [Ov/Ot + (v,V) vl . . . .  VP + j x H/c .  (12) 

I n t e g r a t i n g  (12) a long  the  s t r e a m l i n e ,  we  o b t a i n  f o r  ~v /~ t  = 0 

~ v H 2 d l  v ~-- O. (13) 

The  l a s t  r e l a t i o n  c a n  be  s a t i s f i e d  at  v ~ 0 only  when  H2. = 0 i . e . ,  when  the  s t r e a m l i n e  c o i n c i d e s  wi th  a l i ne  of 
m a g n e t i c  f o r c e .  In the  p r o b l e m  c o n s i d e r e d  t h i s  c o n d i t i o n  i s  not s a t i s f i e d .  The  a b o v e - n o t e d  s i n g u l a r i t y  of so lu t i on  
(10) i s  a s s o c i a t e d  wi th  the  f ac t  t ha t  i t  i s  a p p l i c a b l e  at  T~ << ft. 

In c o n c l u s i o n  we  note  tha t  if  the  c u r r e n t  in  t he  c o n d u c t o r  v a r i e s  wi th  t i m e ,  the  m a g n e t i c  f i e ld  i s  d e t e r m i n e d  
f r o m  the  e q u a t i o n s  

Aa = Nn~ra (Oa / 0"~ + u-~Ta) a t  r > t, Aa . . . .  ~5 (r) a t  r /~  1. 

At  NRe m << 1 the  r i g h t - h a n d  s i d e  of t he  f i r s t  e q u a t i o n  c a n  be  r e p l a c e d  by z e r o ,  i f  T , / T  i << 1 (T ,  = r g / u  m is  the  
c h a r a c t e r i s t i c  t i m e  of  v a r i a t i o n  of the  c u r r e n t  in  the  c o n d u c t o r ) .  In  t h i s  c a s e  the  m a g n e t i c  f i e l d  ( c o r r e c t  to NRem) is  

h 0 ~ ~ ( ~ ) /  r, h r : O.  

It is  e a s y  to p r o v e  tha t  if  the  c u r r e n t  in the  c o n d u c t o r  v a r i e s  a c c o r d i n g  to a p o w e r  l aw 

and,  m o r e o v e r ,  fl <<1, t hen  c o r r e c t  to t e r m s  ~ 1 / f l  the  s t r e a m  func t ion  i s  g i v e n  by the  e x p r e s s i o n  

~ j  (14) 
n~O 

w h e r e  R n i s  g i v e n  by  Eq.  (11) and by  s e t t i n g  ~-i = 1. 
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